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Abstract

Recently empirical research has emphasized that theoretical models of price-setting must
distinguish between the effects of aggregate and sector-level shocks, and moreover that they
must support heterogeneous behavior across sectors. This paper develops a model that can
deliver these features by extending the rational inattention price-setting approach pioneered by
Mackowiak and Wiederholt (2009) to a multisector setting. Our analytic solution to a special
case of the rational inattention problem allows us to detail attention allocation mechanisms
and explore implications. More generally, we find that the multisector setting preserves the
desirable characteristic that firms respond differently to different types of shocks, allows for

heterogeneous responses, and reduces the need for extreme calibration of key parameters.
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1 Introduction

A large branch of macroeconomic literature is concerned with the apparent non-neutrality of mon-
etary policy in the short-run, addressing the question of why nominal changes have real effects.'
This literature stretches back to Keynes who suggested wage and price stickiness as a mechanism
by which an economy might fail to fully and immediately adjust to nominal changes - and, thus,
why an economy might operate out-of-equilibrium. Speaking somewhat loosely, if not all prices
and wages adjust each period - whether due to existing contracts, menu costs, informational costs,
etc. - then, for example, it may be in a recession that wages are “stuck” too high relative to their
“natural” level resulting in unemployment “stuck” too high until such time passes that wages ad-

just, at which point the economy returns to long-run equilibrium.

This paper augments a typical general equilibrium model with monopolistically competitive inter-
mediate goods firms by considering a multisector extension in which prices are fully flexible but
firms face uncertainty about aggregate variables and real marginal costs. Following Mackowiak
and Wiederholt (2009), this uncertainty is modeled with rationally inattentive firms and results in
a delay in the response of prices to monetary policy shocks. The baseline multisector model and
an extension with relative demand shocks and intermediate production inputs provide additional
targets for the attention of firms. Compared to Mackowiak and Wiederholt (2009), we are able to

relax the need for extreme calibration of volatilities in order to achieve a reasonable delay.

Contemporary sticky price general equilibrium models often introduce such stickiness by assuming
a la Calvo (1983) that monopolistically competitive firms may only adjust their price each period
with some constant exogenous probability related to the length of time since the adjustment (more
generally, in these so-called “time-dependent” models the probability of adjustment may be related

to the length of time since the previous adjustment). Other mechanisms include “state-dependent™

I'This question can equivalently be put in terms of aggregate demand (why can governments manipulate aggregate
demand in order to produce short-run economic effects?), aggregate supply (why is there an upward sloping short-run
aggregate supply curve?), or the Phillips curve (why is there a short-run trade-off between inflation and output?).
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models in which the probability that a firm may adjust their price depends also on the state of
the economy (see for example Dotsey et al., 1999); the introduction of fixed costs associated with
price-setting (see Golosov and Lucas Jr., 2007 for a recent example of this “menu-cost” approach);

or the assumption that prices are fixed due to contracts (see for example Chari et al., 2000).

There exists another branch of the literature, however, that addresses the issue of short-run mone-
tary non-neutralities by focusing instead on informational limitations of agents, so that the imped-
iment to full adjustment is not a restriction on the flexibility to perform such changes, but rather
a restriction on the information that would prompt change.? This idea was famously described by
Phelps (1968) and Friedman (1968) and soon after was formalized by Lucas (1972) in the epony-
mous Lucas Islands model, in which agents face a signal-extraction problem to distinguish aggre-
gate from idiosyncratic conditions. More recent incarnations of this idea can be found in Mankiw
and Reis (2002), in which agents have a Calvo-like probability of receiving new information each
period (the “sticky information” approach); Woodford (2001), in which agents face a dynamic
signal-extraction problem; Angeletos and La’O (2010), in which the focus is on the heterogeneity
of information imperfections across agents takes pride of place; and Mackowiak and Wiederholt
(2009), in which, following Sims (2003) in a a so-called “rational inattention” model, agents must
split a limited amount of attention between observing aggregate and idiosyncratic conditions. It is

within this literature that the current paper falls, following the rational inattention approach.

While many of the above mechanisms rely to at least some degree on an ad hoc imposition of sub-
optimal behavior, in the seminal work on rational inattention Sims (2003) lays out a framework
for microfoundations of imperfect information. While agents are still fully optimizing, in Sims’
model they face an information-processing capacity constraint. Recognizing that they cannot pay
attention to everything - that their information must necessarily be imperfect - they optimally use

what capacity they do have.

We pursue this approach in this paper. In the perfect-information case firms set prices as a markup

2See Mankiw and Reis (2010) for a summary of the recent literature.



over nominal marginal costs, a step which requires knowledge of the contemporaneous aggregate
price level, one’s own contemporaneous productivity shock, and, due to the effect on aggregate de-
mand, the contemporaneous shocks to every other firm. In the imperfect-information case, firms’
uncertainty is formalized in terms of an information-processing capacity constraint, requiring firms
to optimally divide their attention between aggregate and idiosyncratic shocks. In the special case
of Gaussian white noise shocks, we derive analytic results on the optimal allocation of atten-
tion. More generally, the equilibrium behavior allows heterogeneous behavior related to firm- and

sector-level characteristics.

This line of research is motivated by recent empirical work - in particular Bils and Klenow (2004),
Golosov and Lucas Jr. (2007), Klenow and Kryvtsov (2008), and Boivin et al. (2009) - that sug-
gests first that the results from traditional models of inducing monetary non-neutralities are not
consistent with all observed inflation dynamics, and second that because disaggregated price series
display markedly different inflation dynamics than do aggregated series, a successful model must
begin work at the level of individual sectors. The former suggestion motivates the use of rational
inattention as the key deviation allowing monetary non-neutralities - a suggestion which was also
made in Sims’ original work and has been already been followed up on, in particular in Mackowiak
and Wiederholt (2009). The latter implies that special attention must be paid to modeling sectors

themselves; pursing this is one of the contributions of this paper.

Finally, this paper is especially related to three recent theoretical models. Woodford (2001), key
in the recent revival of imperfect information models, describes a one-sector model in which firms
face a dynamic signal-extraction problem. Whereas it motivates information imperfections by
appealing to rational inattention, this paper (as does Mackowiak and Wiederholt, 2009, below)
derives the imperfections from optimizing behavior. Angeletos and La’O (2010) use a multisector
real business cycle model to emphasize that heterogeneity of information can generate business cy-
cles. The current paper’s multisector approach and its focus on sectoral heterogeneity in particular

follows from this realization. Finally, this paper can be thought of most directly as an extension



of Mackowiak and Wiederholt (2009) who present a one-sector rational inattention model and de-
rive conditions for optimal allocation in the cases of Gaussian white-noise and stationary shocks.
In the stationary case they describe the implications for inflation dynamics but are forced to use
computational techniques. A one-sector special case of the current paper’s primary result reduces

to the model found in section IV of their work.

The remainder of this paper is structured as follows. In section 2, the literature is reviewed in some
detail. Section 3 introduces information theory and details some useful results. Section 4 presents

the model, section 5 the equilibrium conditions, and section 6 the results. Section 7 concludes.

2 Related Literature

With the threefold goal of (1) positioning the current paper along the arc of the existing literature,
(2) explaining the relationship between this model and closely related models, and (3) describing
relevant features of the data that inform modeling choices, this section proceeds by briefly describ-
ing the imperfect information literature, presenting related empirical research, and introducing

recent theoretical models against which this paper’s model will be contrasted.

2.1 Lucas (1972, 1973)

Robert Lucas, Jr. laid out the first formal models with imperfect information leading to monetary
non-neutrality using geographically separated islands as the device preventing perfect information.
Agents on each island receive signals about unknown variables and must solve a (static) signal
extraction problem each period to distinguish idiosyncratic from aggregate conditions, with the
key result that individuals’ misperceptions of movements in nominal price for movements in real
price can allow monetary policy to affect real variables. In particular, if firms (individuals in the
model) mistake a purely nominal increase in the price level for an increase in their real price

they will increase employment. While these simple models have been superseded, the insight that



individuals’ optimizing behavior depends on aggregate variables that may be unknown permeates
all of the subsequent imperfect information literature, and will be a central focus in the model

presented in the current paper.

Despite a high level of subsequent interest in imperfect information models, the literature largely
died out by the early 1990s due especially to several critiques that could not at the time be over-
come. The first was the difficulty of squaring the model with data - for example, the model re-
quired all information to become available after one period, implying that effects of monetary
policy would not be more persistent than that delay. However, “periods” long enough to match the
observed persistence of monetary policy effects implied an implausibly long delay before agents
were made aware of that policy. Second, technical difficulties arose in modeling higher order

expectations (see Townsend, 1983).

Strategic effects between individuals, a feature not highlighted in Lucas’ models, have since be-
come important and are considered in more recent imperfect information models as well as in
models with other mechanisms inducing stickiness; for example, the implications of pricing deci-
sions as strategic substitutes or as strategic complements are important to New Keynesian models
(see Woodford, 2003 sections 3.1.3 - 3.1.4). Strategic considerations are similarly important in

Angeletos and La’O (2010), described below, and will aid interpreting the current paper’s results.

2.2 Morris and Shin (2002)

Stephen Morris and Hyun Song Shin (2002) were instrumental in restarting the discussion of im-
perfect information models, demonstrating welfare implications of imperfect and heterogeneous
information in the presence of strategic complementarities and drawing out the link between higher
order expectations and strategic behavior. In their model, agents receive public and private signals
about unknown variables; one important result is that increasing precision of public signals may
actually reduce welfare. While they do not focus specifically on pricing decisions, they show that

Lucas’ model is equivalent to the one they consider. Their intuition and solution techniques carry



over to a wider range of modeling approaches, including the multisector model in Angeletos and

La’O (2010) and the current paper.

2.3 Sims (2003)

Chris Sims (2003) introduced rational inattention, a modeling paradigm in which rational opti-
mizing agents could fail to take into account even freely available information, thus providing
microfoundations for information imperfections.® His suggestion provides a response to one cri-
tique of the Lucas model: if agents do not pay attention to monetary policy, it does not matter how
quickly the information is made available. The technical component of these models introduces
information theory to economics, a topic which is described below in some detail (see Information

Theory).

Notice that many of the papers described here use “signals” received by agents as the technical
device encoding imperfect information. Sims shows that in a special case - a linear quadratic
optimization problem along with Gaussian stochastic processes - rational inattention can lead to
results that are identical to simply assuming agents receive noisy signals, but the rational inattention
approach provides a framework for the optimal selection of signals by agents and shows how the

noise varies systematically with underlying model parameters.

The central contribution of the current paper is the solution of a rational inattention problem by

intermediate goods firms in the presence of both idiosyncratic and aggregate shocks.

2.4 Woodford (2001)

A paper prepared by Michael Woodford for a conference commemorating Edmund Phelps was
similarly important in the revival of the imperfect information literature. It extended Lucas’ model

to one in which information does not become available after a one period delay, so that individuals

3For more on modeling rational inattention, see Sims (1998), Sims (2005), and Sims (2010).
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face a dynamic signal extraction problem. Agents are also less informed than in Lucas’ model:
not only are they unaware of aggregate conditions, they are also unaware of other agents’ expec-
tations of aggregate conditions (and their expectations of expectations of ...). Woodford shows in
a one-sector model that results hinge on an infinite sum of higher order expectations and uses the
Kalman filter to solve the (dynamic) signal extraction problem. The key result, driven largely by
sluggishness in the response of higher-order expectations, is that the real effects of monetary policy

can persist for an arbitrary number of periods.

In solving the model, the assumption is made that individuals are given signals about aggregate
quantities. To justify it, Woodford briefly refers to Sims (2003) but does not explore the rational
inattention problem. Pursuit of microfoundations for the optimal selection of signals by agents has
been an area of subsequent research; one example is Mackowiak and Wiederholt (2009) who solve
the rational inattention optimal price problem for a one-sector model comparable to Woodford’s.
Their paper is described in detail below, and the current paper is a partial extension of their results

to a multisector setting.

2.5 Angeletos and La’O (2010)

While imperfect information has traditionally been an amplification mechanism for monetary pol-
icy, Angeletos and La’O (2010) consider its ability to induce business cycles in a purely real
setting. They develop a multisector model in which islands provide boundaries to information dis-
persion and in which intermediate goods firms set quantities (rather than prices, as has been the
case above). They show that it is the heterogeneity of information across the islands rather than

the magnitude of imperfection that drives their results.

They find that dispersed (and heterogeneous) information can lead to fluctuations and inertia in
macroeconomic variables and that the generated fluctuations match qualitative facts about business
cycles that other imperfect information models cannot (although they do not pursue any quantita-

tive investigation). Furthermore, they emphasize that the model can generate these fluctuations



even when individuals are nearly perfectly informed, so long as information is dispersed.

Strategic complementarities (although not those of the New Keynesian type, as they point out)
induced by “trade linkages” (the between-island elasticity of substitution) are important in under-
standing the interdependence of firms’ decisions and are crucial to their results. In particular, it is
only when firms’ decisions are complementary (goods across islands are not perfect substitutes)

that imperfect information has real effects.

Their paper provides both the theoretical motivation and basic model setup for the current pa-
per, although here we return to the consideration of price-setting firms. Their emphasis on the
importance of modeling the interactions of heterogeneous agents in the presence of imperfect in-
formation provides an impetus for the extensions of Mackowiak and Wiederholt (2009) that this

paper considers (this point discussed at greater length below).

2.6 Mackowiak and Wiederholt (2009)

Bartosz Mackowiak and Mirko Wiederholt (2009) (hereafter MW) consider optimal price-setting
behavior of rationally inattentive firms in the face of idiosyncratic and aggregate shocks, finding
that for certain calibrations (in which idiosyncratic shocks are an order of magnitude more volatile
than aggregate shocks) the real effects of monetary policy can persist for an arbitrary number of

periods, a result that hinges on agents choosing not to pay much attention to monetary policy.

They first consider a special case of the model in which stochastic processes are Gaussian white
noise and in which case an analytical result may be found. Although this case does not induce
persistence in the model (since all shocks are purely transitory), it draws out the intuition of rational
inattention and shows how the firms’ attention allocation decision depends on model parameters.
One interesting point involves strategic complementarities: strategic complementarities in price
setting imply strategic complementarities in information acquisition. It is this portion of their

paper which the current paper extends to a multisector setting.



Second, they consider more realistic stochastic processes for shocks, which sufficiently compli-
cates results that computational techniques must be used to solve the information allocation prob-
lem, and show that their model can generate real effects of monetary policy and explain why firms
might respond quickly to idiosyncratic shocks but slowly to aggregate shocks. In order to do this,
their model requires calibrating the volatility of idiosyncratic shocks to be at least an order of mag-
nitude larger than the volatility of aggregate shocks. While the data suggests that idiosyncratic
shocks are more volatile than aggregate shocks, it does not support this degree of difference (see
the discussion of the related empirical work, below, for details). One of the contributions of this

paper is relaxing the differential in volatility required to achieve the appropriate behavior.

A more complete discussion of the contributions of the current paper vis a vis MW follows a brief

summary of Mackowiak et al. (2009), below.

2.7 Boivin et al. (2009)

Jean Boivin et al. (2009) use a factor augmented vector autoregression (FAVAR) approach to es-
timate separately the effects of aggregate and idiosyncratic disturbances on price-setting behavior,
finding that prices are flexible with respect to idiosyncratic shocks but sticky with respect to ag-
gregate (in particular monetary) shocks, a feature of the data which they suggest is not consistent
with many contemporary stickiness-inducing mechanisms (for example they suggest that the Calvo
mechanism cannot explain the flexibility with respect to idiosyncratic disturbances). They lay out
seven stylized facts, all of which provide a rich research agenda with respect to the theoretical

modeling of imperfect information, and two of which may justify modeling decisions in this paper.

First, their primary result is the importance of distinguishing between idiosyncratic and aggregate
components of price change; this is of central consideration in the rational inattention approach
to modeling optimal pricing decisions. Note that this result is not specific to Boivin et al. (2009)

but is also borne out in related empirical efforts.* Second, they suggest that idiosyncratic shocks

4See in particular Bils and Klenow (2004) and Klenow and Kryvtsov (2008) for supporting empirical evidence.
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driving price changes are supply shocks at the sectoral level, providing support for the approach
in the current paper for integrating idiosyncratic shocks (as opposed to introducing them as, for

example, demand shocks).

Their other facts have implications for extensions of the current paper and will be of particular im-
portance when introducing persistence in shocks. Several are suggestive of interesting extensions
(for example, including a further integration of the effects of market power, see below), while sev-
eral others appear to present challenges to the current approach. For example, they suggest that the
reaction to all types of shocks is faster in sectors with more volatile idiosyncratic shocks, whereas
the results of MW specifically suggest that increased volatility in idiosyncratic shocks reduces the

reaction to aggregate shocks.

Finally, the FAVAR approach allows them to estimate the relative volatilities of the aggregate and
idiosyncratic components. They find that “while the mean volatility of the common component of
inflation lies at 0.33 percent, the volatility of the sector-specific component is more than three times
as large”. While this differential is not enough to generate the appropriate behavior in the single-
sector model of MW, it can be enough in the multisector model presented here. Thus our model

insulates the rational inattention approach from criticism that extreme calibrations are required.

2.8 Mackowiak et al. (2009)

Mackowiak et al. (2009) (hereafter MMW) consider a simple multisector extension to their model
in MW as part of an effort to compare the ability of several mechanisms for stickiness to match
empirical results. The mechanisms they consider including the Calvo model, sticky information,
menu costs, and rational inattention. The stylized facts they attempt to match are in the same vein
as those described by Boivin et al. (2009), and they find that the rational inattention model is best
able to fit them. There are several key points that distinguish the approach of MW and MMW from

that of the current paper.
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In both papers, Mackowiak et al. consider the tradeoff firms face between paying attention to
aggregate conditions or idiosyncratic conditions, where idiosyncratic conditions refers specifically
to the firm’s own productivity shock. Productivity shocks to other firms either net to zero in
aggregate, as in MW, or are simply grouped with other aggregate shocks (for example monetary
policy incorporated via aggregate demand shocks), as in MWW. This leads to simpler optimization
problems as firms only spread their attention between two signals and still distinguishes nominal

(monetary policy) from real (productivity) shocks.

In contrast, the current paper considers firms’ attention problems as between all shocks separately;
this is desirable for several reasons. First, it embraces the emphasis in Angeletos and La’O (2010)
of the importance of considering how interactions of heterogeneous firms with dispersed informa-
tion alone can generate real effects; they note that “even if one is ultimately interested in a monetary
model, understanding the positive and normative properties of its underlying real backbone is an

essential first step”.

Second, this paper is meant to provide a baseline model for considering more complicated models
of firm interactions and allocation problems, and for introducing firm-level heterogeneity in pricing
decisions. For example, it would make sense that firms are more easily able to pay attention to
shocks of more closely related sectors. Integrating this requires a model like that of the current
paper. Another motivating example can be found in the stylized facts of Boivin et al. (2009), who
find that the speed of reaction to monetary policy shocks is related to the degree of monopoly
power enjoyed by firms, an extension which will require attention to the underlying heterogeneity

of firms’ attention allocation problems.

2.9 De Graeve and Walentin (2014)

Two stylized facts derived in both Boivin et al. (2009) and Mackowiak et al. (2009) are that aggre-
gate shocks display substantial persistence but are characterized by low volatility, and that idiosyn-

cratic shocks have low persistence but high volatility. It is partially these facts that validate the
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rational inattention approach. More recently, De Graeve and Walentin (2014) suggests that if the
effects of measurement error are properly accounted for, these stylized facts may be overturned. In
particular, they suggest that idiosyncratic shocks may be persistent and have low volatility, poten-
tially presenting a problem for the rational inattention approach. The multisector model presented

here allows the rational inattention approach to respond.

First, the authors note that their estimation approach does not allow them to distinguish between
measurement error and additional structural shocks, but they argue that the rational inattention
model in MW can not obviously account for the required additional shocks. By contrast, the
multisector model developed below can easily accomodate the required additional shocks. Chapter
2 of this prospectus presents evidence that supports the features they identify as measurement error

are more likely structural shocks affecting certain sectors.

Second, as discussed above, the multisector model reduces the volatility differential required by
the rational inattention approach. Thus even if measurement error is distorting the stylized facts as

they argue, rational inattention may still be used to explain observed price dynamics.

3 Information Theory

Rational inattention borrows from the theory of information and communication a mathematical
model of information processing, and applies it to economic agents.” A telegraph wire serves
as a channel through which a message passes from source as input to recipient as output. That
it can only transmit a finite message in any given time interval is described as a finite Shannon
“capacity”.® In our model, an agent serves as a channel through which observations about the
economy are translated into economic actions; the inability of the agent to process all information

is modeled in terms of a finite Shannon capacity.

3See Sims (2003) or Sims (2010) for an introduction to rational inattention in economics, or Cover and Thomas
(2006) for a general book length treatment of information theory. This section is largely drawn from chapters 2 and 9
of that work.

5The seminal work in information theory is Shannon (1948).
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The basic quantity in information theory is entropy, a measure of the uncertainty associated with
a random variable. Letting X denote a random variable with probability mass function or density

P, entropy is defined as

H(X) = —FEl[log(P(X))] Entropy

Notice that entropy is defined over probabilities and therefore must be positive and that is zero
exactly when the distribution of X is degenerate. The units in which entropy is expressed depend
on the base of the logarithm; typically “bits” are used, corresponding to log base 2. Two closely
related quantities are joint entropy and conditional entropy which measure, respectively, the un-
certainty of two random variables together and the uncertainty of a random variable conditional
on the observation of another random variable. Letting S denote a second random variable, these

quantities and their connection (called the “chain rule”) are defined

H(X,S)=—E[log(P(X,5))] Joint entropy
H(X|S)=—FE|log(P(X|9))] Conditional entropy
H(X,S)=H(X)+ H(5|X) Chain rule

In the case that the two random variables are independent, the conditional entropy is identical to

the (unconditional) entropy and so the joint entropy is the sum of the individual entropies.

Using these two definitions, we can define a quantity which will be of central interest in rational
inattention, mutual information. The mutual information between two random variables X and S
is the reduction in uncertainty about X given the observation of S in that way it measures the

information content contained in one variable about another. It is defined as

I(X;S) = H(X) - HX|S) Mutual information

In the case that the variables are independent so that is no reduction in uncertainty, then /(X; S) =
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H(X) — H(X) = 0. Supposing that X and S are finite n-dimensional independent vectors such

that X; and S; are independent if and only if 7 # j, then
I(X;8)=> I(X;S)
=1

This result is important because in our model we will consider attention allocation problems in
which X and S will be vectors and our assumptions will make them internally independent though
mutually dependent. Typically we will think of X as fundamentals of interest (for example a
stochastic shock) and S’ as signals received by agents that provides some information about those
fundamentals. In the rational inattention framework, agents optimally choose the signals, but must
do so subject to an information constraint. That constraint is formalized as a maximum level of
mutual information between the fundamental and the signal: Z(X; S) < k. Since the fundamental
is a vector, in addition to respecting the overall information-capacity constraint the agents must

tradeoff between paying close attention to one variable or to another.

Notice that entropy and mutual information are scalar valued regardless of the dimension of the
random variables, so that all of the data regarding uncertainty and information is expressed in a
single number. It is this property that leads to the simplicity of the capacity constraint, which can

be introduced into the model with only a single new free parameter, «.

Despite the ease of modeling the constraint, calibrating the value of « is difficult for two reasons.
First, it is measured in bits, where 1 bit is the level of uncertainty related to a fair coin toss. This is
a difficult to interpret quantity in the context of real-world economic decisions, and is complicated
further by the simplification inherent to an economic model. Second, even supposing that the bit-
value of actual information-processing capacity could be assessed, the model only captures one
aspect of the decision problems facing a firm, so it is unclear what proportion of their attention is

specifically devoted to the stochastic elements represented in the model.

Sims (2010) suggests that when a price is assigned to additional information capacity so that the

amount is variable, agents choose a relatively small amount. In practice, these models are often
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calibrated such that agents set prices that are close to the optimum.

4 Model

There are a continuum of identical households i € H with associated measure 177, each of which
consumes a continuum of differentiated goods j € .J with associated measure 1 ;. Consumers have
nested constant elasticity of substitution (CES) preferences that induce a partition on the goods
(alternatively firms) J into sectors {Ji, ..., J;}, not necessarily of equal size. For convenience
and so that aggregates can be identified with averages assume the total measure of households and
goods is unity, so that puy(H) = py(J) = 1. To ease the remaining notation define p; = uy(J;)
as the size (measure) of sector i in the space of all firms.” Sectors will be typically indexed by i; [

will also be used when multiple sector-level indices are required.®

In each period households consume, supply labor to each firm ;°, buy bonds, and receive profits
based on their ownership in firms. For simplicity, each household owns an equal share of every

firm. Firms set their prices each period to maximize the expected value to households of profits.

4.1 Households

Household utility is a discounted stream of expected utility, additively separable in time

U ({Chys it} serim0) = Eoijﬁt [U ({Chjt}jes) — /]U(nhjt)dj]

"In general a subscript j will refer to a firm j € J, whereas the subscript 7 will denote a sector J; C .J. Since the
sectors partition the set of goods, it is implicit that there is exactly one sector ¢ corresponding to each firm j.

8The convention is that when j and i appear in the same equation, i refers to the industry such that j € .J;. When
a sector-level variable not referring to the sector of firm j is present, it will be indexed by [.

9This is merely for convenience. An equivalent setup has each household specializing in only one type of labor,
see for example Woodford (2003) section 3.1.
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The nested constant elasticity of supply (CES) preferences yield two Dixit-Stiglitz aggregators.

The first level of aggregation describes “sector-level” goods'’

Chit = {/ u?lc,ﬁjtdj] )
Ji

where the associated within-sector elasticity of substitution is n = 11j As usual, assume that
goods are gross substitutes so that € [1,00) and so r € [0, 1). The sector-level goods are then
further aggregated into a “consumption good”

v

I
Cr = | Y mi 'CL, )
=1

where the associated between-sector elasticity of substitution is p = l—ip. Again assuming that
goods are gross substitutes yields p € [1,00) and p € [0, 1). 1 and p are not constrained otherwise
- for example they are not necessarily the same. Using this same basic setup, Angeletos and La’O
(2010) describe the within-sector elasticity as the degree of market power of intermediate goods

and the between-sector elasticity as a measure of trade linkages and strategic complementarities.

From this it is clear that the sizes of the sectors j; are defined entirely by consumers’ relative
demand weights. However, as in Woodford (2003) section 3.2.5, these weights can be reinterpreted

as the product of a structural sector size parameter together with a relative demand weight.

Then given these aggregates, the households’ optimization problems can be written

max = F, tf;ﬁt [u(C’ht) — /J'U(nhjt)dj:|

{Chi}te>o{nnjttjes>o

where u is the instantaneous utility of consumption defined in terms of the consumption good

and v(npj) is the instantaneous disutility of labor. These are assumed to have the usual constant

ONotice that in the integral there appear both the indices i and j. Thus the i refers to the unique sector such that
j € Ji
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relative risk aversion forms

l1—0o n1+6
u(C) = — and v(n) = — ()
Each period, the households’ choices must satisfy the budget constraint
P,.Chi + Bpeyr < /ghjﬁjtdj + / Winpjidj + Ry By 4)
J J

where C},; is the consumption good, P, is a price index corresponding to the cost-minimizing way
to purchase one unit of the consumption good, B, is a risk-free bond purchased in period ¢ that
yields income in period ¢ + 1 subject to the gross nominal risk free rate of return R, 0y, is the
share of firm j owned by the household, 7;; denotes profits from firm j, W;; is the wage paid by

firm j, and ny,, is the labor provided by household 4 to firm j.

4.2 Firms

All intermediate goods firms produce differentiated output using a constant returns to scale tech-

nology with labor (denoted n;) as the sole input and a sector-specific productivity shock'!

Yie = ounji ®)

For the moment we will remain agnostic about the variables present in the firms’ information sets
at time ¢. The nature of the shocks is discussed below. Assuming competitive factor markets, a

firm’s period profit is

it = PjiYje — Wit (6)

""The model be expanded to allow a composite productivity shock, with firm-specific, sector-specific, and aggre-
gate components, relative demand shocks, and intermediate inputs. A model with these extensions is introduced in
Extension: relative demand shocks and intermediate inputs.
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Firms have a degree of market power controlled by the within-sector elasticity 7, and face inverse
demand curves derived from households’ optimizing behavior. Thus they choose prices so as to
maximize the value of their profits to the owning households whose marginal utility of wealth is

u'(C}); the intertemporal problem at time ¢ for firm j is

S

Witis
(Pjt-‘rs - ﬁ) th-i—s} .
Pit+s

Since this model forgoes sticky prices in favor of informational frictions, firms re-optimize each

max F; u'(C
{Pjt-s-s}gio jt ; { ( t)

period and need only solve the following static problem in each period separately

/ W;
x5 [(C) (P = 2 ) v ™

4.3 Government

Following the literature on imperfect information (Lucas, 1972, Woodford (2001), Mankiw and
Reis (2002), Mankiw and Reis (2002)) we appeal to a quantity theory of money to specify a
exogenous stochastic process for aggregate demand, assumed to be the result of monetary policy
implemented by some policy instrument. This process will be the only aggregate shock to the

economy.
Q= BY,

As formulated above, fiscal policy is excluded from the model to maintain focus on the firms’
attention allocation problem, although in a very similar model Angeletos and La’O (2010) find
that government intervention is only useful insofar is it can mitigate the distortionary effects of

market power to improve efficiency, a topic not under central consideration here.
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4.4 Stochastic processes

There are two exogenous stochastic processes to be specified, that for nominal aggregate demand
{Q:}2, and that for idiosyncratic productivity shocks {[¢u]l_, }toio. Here we assume the simple
case that all processes are distributed log-normal in such a way that their logs are Gaussian white
noise. All processes are assumed to be mutually independent. Formally the shocks are described

g = log Q, ¢~ N(0,02) (8)

b = log oy i <~ N(0,02) I=1,...,1

Insofar as it would be difficult to argue that independent Gaussian white noise shocks represent
the true stochastic nature of the economy, this specification is only a precursor to a more complete
analysis attempting to match actual macroeconomic dynamics. Unfortunately models with more
realistic stochastic processes do not admit analytic results and the Gaussian white noise case pro-
vides an illuminating special case in which to consider the attention allocation trade-offs faced by

firms.

One could easily accomodate non-zero mean processes by redefining the above variables as be

deviations from the mean. Processes with a deterministic trend could be similarly incorporated.

For notational convenience, collect the stochastic processes into an ordered tuple

Q= {{Qt}7 {¢1t}7 T a{¢1t}} )

indexed by w.
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4.5 Imperfect Information

The expectations operator in the above formulation of an intermediate good firm’s problem sug-
gests that at least some contemporaneous economic variables - in this case aggregate consumption,
firm-specific nominal wages, the sector-specific aggregate shock, and aggregate output - are un-
known to the firm at the time they must set the price of their differentiated good. This raises two
questions: (1) why would a firm be unaware of these (or any) contemporaneous conditions, and
(2) which contemporaneous variables are unknown to the firm. Both of these questions have been

of considerable interest in the literature on imperfect information, as described above.

Here we take the position that insofar as agents must process any information they wish to use
and have a limited ability to assimilate even widely available information, all variables are a priori
unknown. Agents only observe variables at all to the extent that they specifically allocate attention
to do so. This is formalized in terms of the rational inattention framework of Sims (2003) with
the assumption that agents have a finite information processing capacity . The imperfections are
thus inherent to the agents and not the information itself; in fact, this approach requires that all the

relevant information exists and is freely available.'”

4.6 Signals

The device through which agents will receive (incompletely processed) information takes the form

of signals 552") where j is the firm receiving the signal and w indicates one of the stochastic pro-
cesses described above. While in principle the space of possible processes among which agents
may select signals is unrestricted with respect to distribution, in practice the structure of this prob-
lem - in particular the Gaussian white noise exogenous processes and a log-quadratic approxima-

tion to the profit function taken below - implies that optimal signals will be Gaussian."® For this

12See Sims (2005) for a discussion of this and related topics regarding the assumptions implicit to rational attention
models.
13See Sims (2003) or Mac¢kowiak and Wiederholt (2009) for a proof of this result.
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reason, we follow MW section IV in hereafter restricting the space of possible signals to those that

are of the form “true state plus white noise”'*

s\ = g, + 9 s\~ N (G 02 + 7y0) (10)
l 7 l l 7
S§t) :¢lt+w](t) 8§t) NN(¢lt’o-§>l +O'ij(l)) [ = 1,...,[

The signals are written in terms of the deviation-from-mean forms to maintain the possibility of
non-zero-mean processes even though here, for example, ¢; = ¢ — F/¢; = ¢;. Although a formal
connection will be derived below, a firm’s attention problem can be informally described as the
optimal reduction (or more properly selection) of the noise in signals subject to a constraint on the

maximum amount of noise reduction across all signals.'”

5 Equilibrium
An equilibrium is a collection of processes for consumption, labor, wages, prices, and signals
{Chjta Nhjt, Whjta Pjta ng)}h,j,w,t

such that markets clear, households maximize utility, and firms (1) set optimal prices given avail-
able information, and (2) direct their attention such that the signals they receive about unknown
quantities of interest are optimal. Notice that due to constant elasticity of substitution preferences,
household optimization will uniquely define the processes for the aggregate price level { P} and
real aggregate demand {Y;}, see (12) and (11) respectively. The full conditions governing optimal

behavior are derived below.

“The use of the index [ indicates that each firm j receives a separate signal for the shock to each industry.
5This model falls under the special Gaussian-linear-quadratic case. Sims (2010) section 3.2 presents this and
related intuition for these types of models.
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5.1 Market Clearing

The three markets in this model - goods, assets, and labor - yield three market clearing conditions.
Since we have assumed constant elasticity of substitution preferences, we need only specify mar-
ket clearing in terms of the consumption good, C; = Y;. If this holds, then in equilibrium (in
particular given optimal household behavior) the demand functions for intermediate and sector-
level goods, detailed below, guarantee market clearing at those levels. Since this model admits a
representative household, no bonds will be purchased or sold in equilibrium so that the asset mar-

ket clearing condition is B; = 0 for all periods ¢. Finally, the labor market equilibrium requires

Nt = fH nhjtdh.

5.2 Optimal Household Behavior

Standard results for constant elasticity of substitution preferences give demand functions for disag-
gregated goods in terms of aggregated quantities.'® Since all households are identical their optimal
behavior will be identical and can be analyzed as derived from a optimizing representative house-
hold. For this reason, in all of what follows we drop the household subscript.

RN P\
Cjt = i (Pit) Cit Cit = i (Pt) (@ (11)

Corresponding to these demand functions are price indices prescribing the (minimal) cost of ob-

taining one unit of an aggregated quantity

[/ —P” ] (12)

Given these demand functions, the household’s intertemporal problem can be analyzed in terms

Pt:

only of the consumption good. As usual, the solution is described by an Euler equation and a static

16See A-1: Constant Elasticity of Substitution Preferences for details.
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first-order condition'’

P
U/(Ct) = BE; Rt+1P—tU/(Ct+1) (13)
t+1
W
V' (ng) = —'(Cy) (14)

5.3 Optimal Price Setting

Optimal behavior on the part of the firm will be considered in two stages. First, no matter the
signals they actually receive about the state of the economy, firms must optimally set their deci-
sion variable given that information. In the case of perfect information this is the standard profit
maximization problem faced by a monopolist. In the case of imperfect information a log-quadratic
approximation to the profit function yields the certainty equivalence result that the optimal imper-

fect information price is simply the expectation of the optimal perfect information price.

Second, firms must select the signals they receive. Here they achieve this by allocating their
attention such that they minimize the expected loss in profits from setting a non-optimal price

subject to a constraint on the maximum attention they can spread across all variables.

Perfect Information

As a baseline, consider firms with perfect information. In this case there is no attention allocation
so that the firms’ entire problem reduces to the standard profit maximizing problem faced by a

monopolist

max u'(Cy) (Pj — VVjt) Y

Pjy Vit

17See B-1: Optimal Household Behavior for details.
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This yields the standard result that monopolists set price as a markup over nominal marginal costs

P = —1 gt
gt —
T Qi

which can be rewritten in terms of model fundamentals and in the form of proportional (log)

deviation from the point at which all prices are the same as'®

B = =70 + (i + (1 — O (15)

where ¢, represents nominal aggregate demand, ( = a(o +¢) relates to strategic complementarities
between firms’ pricing decisions, v = a(1 +¢), and a = (1 + pe)~1.! Integrating across all firms

and applying a log-linear approximation yields the perfect-information equilibrium aggregate price

1
P=a— %Z e (16)

Strategic complementarities

The firm’s pricing rule (15) exposes (1 — () as a parameter governing strategic complementarities
in the model. If it is positive (so ¢ < 1), firms’ responses to changes in the aggregate price
level will be complementary, whereas if it is negative, the aggregate price will act as a strategic
substitute. This parameter appears in and has been important to both models with price stickiness
and models with informational frictions. Typical calibrations put the value of ( between 0.12 and
0.4, which implies that prices are strategic complements, and the parameter governing strategic
complementarities, (1 — ¢), is between 0.6 and 0.88.?° This parameter will be important not only
in the firms’ pricing decision given available information, but also in the firms’ attention allocation

problem, described below.

18See E-1: Perfect Information
19See B-2: Optimal Price Setting
20See Mankiw and Reis (2010)
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Imperfect Information

Defining the expected value of period profits as

W,
I (Pjt, Py, P, Yy, 1) = Ejy {U,(Yl) <Pg - go-]tt) th}

firm j faces the problem maxp, I;;. Taking a log-quadratic approximation to II;; around the

perfect information non-stochastic equilibrium yields the following formula for firm profits

ﬁjt Iﬂlﬁjt + ﬂnﬁ?t + ﬂlzﬁthjtﬁit + ﬂ13ﬁthjt]5t + ﬂ14]5thjt§t + ﬂ15]3thjt<Zgit

+ other terms

where II; is a constant times the partial derivative of profit with respect to the first argument and
the I1;, coefficients are constants times the second partial derivatives, all evaluated at the point at
which all prices are the same; “other terms” collects all terms of the second-order approximation
that do not depend on pj; (irrelevent for our purposes since they do not affect the firm’s pricing
decision).”! The associated first-order condition yields the following imperfect-information pricing

rule

Djr = ~vEjéu + CEnd + (1 — Q) By, (I7)

=L jtﬁ;?t

To find the imperfect information equilibrium aggregate price we follow a guess and verify ap-

proach. Given the form of the perfect-information aggregate price, we guess that under imperfect

21See B-2: Optimal Price Setting and C-2: Log-quadratic approximation to an intermediate good firm’s profit
function for details.

26



information it is described by

I
= ”Z i (18)

N |

This guess will be verified in the next section in conjunction with the solution to the attention
allocation problem. In the meantime, substituting this guess in to the imperfect information pricing

rule yields

I
5 = (0= Qo+ ] Byl = (1= O - by = 1B (19)
=1

and noticing that since firms only observe Gaussian signals the expected values can be solved using

typical signal extraction results:

2

I
@ 9;
Zblﬂa 2+0(l Sie =7 —0 To

Pr=[1=-Qa+d| 55| s -
o2 e

,d)(‘l)

f\rlq

The firm’s attention allocation problem is to select optimal signals s . Since the variance of the
fundamentals is given, in practice this means that firms will optimally select the variances of the

signals’ noise.

5.4 Optimal Attention Allocation

Having solved for optimal firm behavior given available information, we now derive the optimal
information structure by considering the attention allocation problem.?” The firm is concerned with

the difference between the price it actually sets and the price it would set under full information

22See Appendix D: Information Theory and E-2: Rational Inattention under Gaussian White Noise for all details
related to this section.

27

(4)

Sjt



only to the extent that it results in a loss in profits. This expected loss in profits is

1_[11

2 ~o 2 ~% ~o e\ 2
E; [Hjt (85 +) = e (25, )] = <7> Ejt [(pjt —Pjt) }
The firm’s attention problem then is to optimally select signals to minimize a quadratic loss

) N e\ 2
(Iwr)lm Ej [(pjt - pjt) }
{Sjt }wEQ

subject to the constraint that the total information content of the signals does not exceed some

value «. This constraint can be put formally in terms of mutual information

I({(jtqulta"' 7§g1t};{85~(t}),8§.?’... 7%?}) <k

(@)

J

Then given the independence assumptions and defining for notational convenience k

T ({wt}; {sg-f)}), it can be reformulated as >~ ij) < k. Since the signals are Gaussian,

it can be shown that the mutual information is a function only of the ratio of the variances of the

fundamental and the noise

W 1 o

J
(@)
J

After some algebra, the firm’s attention problem can be finally written

/

(1 =Q)a+(Joy w=q
<w>) 2 o2l . =)

wmin Z(’_””' ) R = (L= ¢  uuoy, w=1+#i (20)

w J
{Hé' )}WEQ weN

(1= OC i +7] oy, w=1

Z3Recall that w indexes the set of all stochastic processes (2 - see Signals for the definition.
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subjectto Y r@'g‘”) < kand /ﬁgf”) > ( forw € €. The terms E;§.w) can be thought of as importance-

weighted volatilities; their origin is in the firm’s optimal imperfect-information pricing rule (19).

This can be solved using standard techniques to yield the following interior solution for the optimal

allocation of attention to each fundamental

(@)

K " = log, 2% + log, &)

;. — logy R; w € N 21
where & = 5 (recall that |€2] is the number of stochastic processes) and k; = [Hw, = R§w/)] .
This equation is intuitive: the first term gives an equal allocation of attention across all stochastic
processes, and the second term adds (subtracts) attention if the importance-weighted volatility of

the stochastic process in question is above (below) the (harmonic) mean of importance-weighted

volatility across all stochastic processes.

The above is an interior solution; we abuse notation to set

*
K /ig-w) > K

ng) = I{;w)* /i§-w)*€[0, K]

0 & <o

To fully incorporate corner solutions with more than two options we need to specify a solution

process in the case that /ig-w) < 0, which corresponds to a “negative” attention allocation to some
stochastic process. This is not allowed. When this occurs, the problem can be solved by replacing

the negative value with zero and then rescaling the remaining allocations such that they sum to .

Using these optimal attention allocations in the firms’ imperfect-information pricing rules and
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integrating across all firms yields the imperfect-information equilibrium aggregate price

; I 1 * ~
i = [Z pl(1 = Qa+ ) (1272 )] Q=2 [Z w (127 )] o 2
i=1 :

a by

where wy; = [(1 — ¢)byp; + ¢1(1 = ©)] and 1(I = 1) is the indicator function that takes the value
1 if [ = 7 and is O otherwise. We have applied symmetry across within-industry firms to write

*
ki =r," j€J;i=1,...,1. This verifies our guess.

Notice that through the term 5, the optimal attention allocation for each fundamental depends on
all of the coefficients a, {b;}/_,. For this reason, in general there are not analytic solutions to these

coefficients, although computational techniques can be used to solve the fixed point problem.

6 Results

6.1 Interpretation

First we will consider the terms R§w) from the attention allocation objective function. They can be
written as

(

(1—-¢)ao, + (o w=yq

R~ =) (L= Q)Lbimoy, w=17#1 23)

\ (1- O%bmm@ +y0y, w=1

They are the products of structural parameters related to the importance of the process to the firm’s
pricing decision along with the parameter governing the volatility of the shock, and so may be
considered as terms describing “importance-weighted volatility”. In that light, the firm’s objective

is to minimize the overall importance-weighted volatility that they face.
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It can be seen, moreover, that the importance of the process is derived from two distinct mech-
anisms related to the firm’s pricing problem. First, there are direct effects: nominal aggregate
demand has a direct effect on the demand curve for the firm’s differentiated product and the firm’s
sector-specific shock has a direct effect on marginal costs. These direct effects appear as the terms
that do not include the strategic complementarity (1 — ¢) and do not depend on the coefficients that

determine the aggregate price level a, {b;}1_,.

The second type of effect is due to strategic complementarities that arise insofar as firms are con-
cerned with their relative price. If (1 — ¢) > 0, so that there are strategic complementarities,
firms will want to raise their price in response to a general increase in prices. Larger coefficients
a, {b;}}_, amplify the effect of strategic complementarities through a larger response of the aggre-

gate price level to firms’ responses to the direct effects described above.

Finally, notice that the problem is complicated by the circularity of definitions: the firms’ objective
depends on the coefficients determining the aggregate price, which in turn depend on the solution
to the firms’ objective problem. Thus the coefficients and optimal attention levels are determined

by the solution to a fixed point problem.

The optimal allocation of attention to a stochastic process can be written

—(w)
K>
£ = 2 1 log, J (24)

/ - @ _(w! ﬁ
[Hw’EQ K:g' ):|

where x denotes the total information processing capacity available to the agent, |€)| is the total

number of stochastic processes and the Rg-w) terms are as just described. The first observation is
that if all importance-weighted volatility terms were equal, the second term would be zero and
the optimal attention allocation would be to evenly divide capacity across all shocks. The sec-
ond observation is that the denominator of the second term can be interpreted as an “average”
importance-weighted volatility across all shocks. Then the optimal allocation gives more attention

to those processes whose importance-weighted volatility exceeds the “average” and less attention
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to those that fall below the “average”. Finally, notice that through the first term of the optimal
allocation, as total capacity becomes infinitely large, the level of attention devoted to each shock

also becomes infinitely large.

Returning to the coefficients induced by the firms’ optimal allocations, notice that they can be

rewritten to emphasize the strategic complementarities parameter

! I
a = (1 — C)azui (1 i 2_2550)*> N CZ/% (1 B 2—25§q)*>
=l i=1
I
b= (1-¢)b i (1 — g-2n” +¢(1— o-2k"
I z;lt ( > < )

As noted above, this exposes the constitution of these coefficients as combinations - weighted by
the strategic complementarities parameter - of the average direct effect of shocks to firms, weighted
by sector size, and the effect arising through the influence of the aggregate price level on firms’
relative prices. One interesting implication is that as strategic complementarities become strong,
so that (1 — ¢) — 1, the coefficient a governing the influence of monetary policy on the aggregate
price level is decoupled from real aggregate demand, since that term disappears from firms’ pricing

rules.

Note that as total capacity tends to infinity, so that the model tends to perfectly informed agents,

we have

a— (1—C0a+¢ = a—1

bl—>(1—C)bl+C — bl—>1

Thus the aggregate price under imperfect information tends to the aggregate price under perfect

information as total information processing capacity becomes arbitrarily large.
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6.2 A one-sector model

In the special case of a one-sector model, we have I = 1, b = 0, and ; = 1. The imperfect

information equilibrium aggregate price level is then

p=11-0a+q (1-22" ) G

g
a

and in this case, the coefficient a can be solved for explicitly

.

(227-1)¢ (@)*
T+(27—1)C K1Y >k
a=q1-2" (%) (%) £ € [0, K]
0 KT <0

\

This is identical to the result in MW section IV, and although it appears in a slightly different form,

the interpretation has the same implications as the more general discussion above.

Notice that here there is no transmission mechanism for idiosyncratic shocks to affect the aggregate
price level. Although this is a one-sector model, so that the firm literally has only two signals to
observe (their own productivity shock and monetary policy), the multisector extension in MWW
does not depart too far from this approach in that firms still receive two signals, one regarding
aggregate conditions and one regarding idiosyncratic conditions. The above discussion of the
current paper’s results demonstrates that there are important subtleties that arise from idiosyncratic
and aggregate components of each shock, re-emphasizing the previous arguments in favor of the
current paper’s approach, which models each firm’s attention allocation problem between each

stochastic shock separately.
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6.3 Calibrating volatilities

The basic point of the rational inattention approach is that firms may not immediately react to
monetary policy (or other aggregate shocks) if they are not paying attention to them. Mackowiak
and Wiederholt (2009) formalized this concept and show that when the volatility of aggregate
shocks is low relative to the volatility of a sector-specific shock, firms will optimally devote more
of their attention to sector-specific conditions. If the volatility differential is great enough, the
lack of attention paid to aggregate shocks will imply slow adjustment, meaning that prices will
appear to be sticky in response to aggregate shocks. In their model, to achieve the appropriate
degree of stickiness, they suggest that the differential in standard deviations needs to be an order

of magnitude.

In particular, they calibrate idiosyncratic volatilities to match the size of average absolute price

changes; this is performed under perfect information. Thus the term calibrated is the absolute

expected value of 25%- When all disturbances are Gaussian, the absolute value is distributed half-
2

normal with expected value E[[p%|] = oy, \/; . Equilibrium in the one-sector and multi-sector

models, along with independence assumptions, implies

2 2 2 2 )
0, = 04+ 770, One-sector

I
1-¢\° .
aij = 02 + 720351. + (T) e E pfoil Multi-sector
=1

In the baseline model calibrated in MW, -y is normalized to one since changes to it have the same
practical effect on the model as changes to 03%-' The calibration exercise fixes the value of O'g
according to the observed volatility of detrended nominal GNP, and fixes the value of aﬁj accord-
ing to the size of average absolute price changes, as described above. Thus the volatility of the

idiosyncratic shocks is fixed by their difference. The resultant calibration then has o, = 11.80,.

However, empirical work suggests that while the aggregate component is less volatile than the
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Fig. 1: Impulse response functions in the one-sector model. Panel (a) shows the impulse responses when
0, = 11.80, (as in Mackowiak and Wiederholt, 2009) and Panel (b) shows the impulse responses when
0. = 3.0304 (as suggested by results from Boivin et al., 2009)

idiosyncratic component, it is not an order of magnitude less volatile; for example, the decompo-
sition in Boivin et al. (2009) find that for the average firm, the standard deviation of the common
component (o, above) is 0.33 while the standard deviation of the aggregate component (o, above)

is 1.09. For the median it is even closer, at 0.27 and 0.71 respectively. Even with the average val-

ues, this suggests that o, = 3.030,. The effect of this change on the model is illustrated in Fig.

1‘24

Furthermore, as they point out, their calibration is conservative in a number of ways. First, they
exclude sales, which lowers the reported average absolute price change from 11.5% to 9.5%, and
second they calibrate against the perfect information equilibrium rather than the rational inattention
equilibrium. Changing either of these decisions would force their calibration to yield even more

idiosyncratic volatility.

Finally, as developed in this paper, it is not merely the volatility of shocks that matters, it is also
the weight in the pricing solution. This insight is important for calibrations. Here, MW normalize
v = 1, so what they calibrate as o is actually yo.. Now, if yo, = 11.80,, then o, = %Uq.
Recalling that v = (1 + ¢)/(1 + pe) and using calibrations as in Mankiw and Reis, 2010, we
calculate v = 1/5, so that % ~ b (alternative reasonable calibrations make v even smaller). Thus

their conservative calibration actually requires o, = 590,. This is far removed from the results of

Boivin et al. (2009).

24These figures were created using the MATLAB programs accompanying Mackowiak and Wiederholt (2009) by
varying the volatility calibration.
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What this analysis points out is not that the approach of Mackowiak and Wiederholt (2009) is
fundamentally flawed, but rather that a more complex model is required in order to achieve realistic
calibrations. Their insight that aggregate demand (i.e. monetary) shocks play a relatively small role
in firms’ pricing decisions merely requires that, in the language introduced above, the importance

weighted volatility of aggregate demand shocks be small relative to that of other shocks.

Now the intuition for why a multisector approach is appealing is easy to see. To achieve aggre-
gate price stickiness, all that is required is that firms pay little attention to aggregate conditions.
Whereas in the one-sector case there were only two types of conditions to pay attention to (so
that a decrease in attention to one meant an increase in attention to the other), here firms also pay
attention to each other. This creates two channels by which an increase in idiosyncratic volatil-
ity reduces attention paid to aggregate conditions. First, firms are still concerned about their own
productivity shock, which influences their marginal costs directly, and second they are concerned
about the productivity shocks to all other firms because of the general equilibrium effect on aggre-

gate demand and the aggregate price level.

In essence, the multisector model gives firms more reasons to pay attention to idiosyncratic com-
ponents, which leaves less attention available for the aggregate component. The the multisector
model increases the importance of idiosyncratic shocks, even when volatilities are constant. Since
the firm’s attention allocation decision depends on importance-weighted volatilities, this model

reduces the required volatility differential by increasing the importance differential.>

7 Extension: relative demand shocks and intermediate

inputs

In this section, we consider augmenting household and firm behavior to include relative demand

shocks, composite productivity shocks, and intermediate inputs. These variations not only intro-

Z3For details of the importance-weighted volatilities, see section Interpretation.
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duce desirable model characteristics but also provide additional motivation the implicit claim in the
baseline model that firms pay attention to each other. Here, firms must pay attention to each other

6 To introduce demand shocks, we

because their production process requires intermediate inputs.
replace the demand weight p; with Dj;p; so that the nested CES Dixit-Stiglitz aggregators can be

written

I

Chit = {/ (Dit,ui)r_lc}:jtdj} Che = Z(thﬂz)l pC;m
Ji

=1

1.27

and where every period we require » . D p1; = All other changes result from modifications to

firms’ production functions. In particular, we write:
}/}t ®Jtn Xl @

where ®;;; = ;e 1s the composite productivity shock, and X, is a composite intermediate
input constructed from the output of other firms. In particular, we suppose that, like the demand
composite, it exhibits constant elasticity of substitution, so that

I 1/p 1/r
X = Z Dktﬁbk z]kt Xijkt = {/J (Drepir)"™ wkltdl
el k

where X;; is the quantity of the good produced by firm [ (in sector k) used by firm j (in sector
¢). Similarly, X is a composite of all the goods produced by firms in sector k used by firm j (in

sector 7). Finally, X ; is a composite of the goods produced by all firms used by firm j.

Along the same lines as the baseline model, it is not too hard to show that this results in the

26See Basu (1995), Bouakez et al. (2009), and Carvalho and Lee (2011) for examples of similar models with
Calvo-type pricing.
?"Notice that this specification nests the baseline model when D;; = 1,5 =1,..., 1.
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following log-linear pricing equation®

D5 = ﬁdz‘t - Qﬁf;jt - l(ét + &zt) + G + (1 = ¢)ps

where aggregate prices evolve according to

I
- - ~ Y~
Pt = qy — Zﬂi¢it - E@
i=1 >

=2

These equations differ from those in the baseline model through more complex parameters and the
introduction of new shocks (d;; = log D;; is the demand shock, and ¢;;, ¢, are the new produc-
tivity shock components). Qualitatively, however, it tells much the same story. Under reasonable
calibrations, all of the parameters above are positive, indicating that the price set by firm j rises
with relative and aggregate demand, falls with increased productivity (either firm-level, sectoral,
or aggregate), and, as long as there are strategic complementarities, increases with the aggregate

price level.

Similarly, the rational inattention solution is qualitatively the same. More attention will be paid
to those shocks which are relatively more important (the coefficient in the above pricing equation
is higher) or more volatile. The log-linear rational inattention price-setting problem reduces to
a sum of weighted shocks, which can be solved in the white noise case as described above, and
again the unknown coefficients can be found as the solution to a fixed-point problem. Finally, it
preserves the calibration result introduced above, that through the effect of multiple targets for a
firm’s attention prices can adjust slowly with respect to monetary policy shocks while responding

quickly to idiosyncratic shocks, without requiring unrealistic volatility differentials.

28For example see the equation for marginal costs in Carvalho and Lee (2011).
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8 Conclusion

In this paper we extend the rational inattention model of price-setting to account for multiple sec-
tors in which firms care about their own idiosyncratic shocks, idiosyncratic shocks to other firms,
and aggregate shocks. In addition to the baseline model, we consider an extension including rel-
ative demand shocks and intermediate inputs. We derive optimal attention allocations and the
implied optimal price-setting behavior, allowing us to consider the effect of various parameteriza-
tions on the responsiveness of prices. The functional forms derived herein inform new directions

for continued empirical research into price-setting behavior.

Our results provide several novel contributions. First, we allow firms to exhibit heterogenous
behavior that depends not only on their own idiosyncratic shocks but also on firm characteristics
and their relationship to other firms. Second, we show that not only can the model generate slow
responses to aggregate shocks along with quick responses to idiosyncratic shocks, it can do so
with less extreme parameter calibrations than in related work. Finally, we emphasize the role of
importance-weighted volatility in generating optimal attention allocations, rather than volatility

only.

Finally, the basic model considered here provides a baseline for future research. It would be
interesting, for example, to further extend the multi-sector model to account for additional firm
characteristics in order to derive testable cross-sectional implications for price-stickiness; another

interesting direction is to introduce network effects as in Acemoglu et al. (2012).
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Appendix A: Model

8.1 A-1: Constant Elasticity of Substitution Preferences

A-1.1: Definition: Consumption good

The composite consumption good is defined as a monotonic transformation of the generalized

mean CY; as follows:

=

P

i I 1—p ~p
Zz’:l i Cha

C~(ht - T 1—
D i1 Hi P

1
P

Ch

1
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rI
_ 1=p p
Cht = E H Cm't
| i=1

I
=D m"
>

The exponent on the weight term is a normalization so that the resulting price index has the property
that if every industry-level good has the same price, that price also is the index price. Furthermore,
if all prices are the same then the derived demand for each industry-level good is just the fraction of
the demand for the composite good weighted by the industry’s size. Mathematically C'%, = 11;Cy,
and since we normalized the total measure of goods to one, y; € [0, 1] for each industry i. This

approach is the same as in Woodford (2003).

A-1.2: Definition: Industry-level good

The composite industry-level good is defined as a monotonic transformation of the generalized

mean C},;; as follows:

- J5, Chindi [ :
Chp = | =2~ = / i_lC'r-d}
hit _ f]i 1d] s 2 hjt ]

_ 1 1
Chit = / :uglcgjt:| = {M:/ uilci:jt] = /Méhit
LS J; J;i
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The exponent on the weight term is for the same normalizing purpose as above.

A-1.3: Demand: Constant Elasticity of Substitution Preferences

As in Dixit and Stiglitz (1977), we can use a multi-stage budgeting procedure to first solve for
the demand for industry-level and intermediate goods’ demand in terms of the consumers’ total
demand for the consumption good, and then solve their inter-temporal problem in terms only of

the consumption good.

The first stage is itself split into two steps: (1) solve for industry-level demand in terms of total

demand, and (2) solve for intermediate good demand in terms of industry-level demand.

Step 1: Industry-level demand

The interpretation of the definition of the consumption good is as a utility specification. Thus

solving for demand is the standard microeconomic constrained optimization problem

Ry,
ey ({Ci})

subject to Zfil Cris P, = W, where Py is the price of industry-level good ¢ at time ¢ and W is

total wealth, and where the utility specification is the generalized mean, above:

1
I 1—p ~p P
Zz’:l K hit
I 1-p
Zz’:l 1

u ({Ci}ilzl) = Cn = [

The model used in the paper is a monotonic transformation of this specification, and it will yield

equivalent demand specifications due the ordinal nature of utility functions.

This constrained optimization problem can be solved by forming a Lagrangian and taking first-
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1-p
order conditions. To ease notation, define w; = ST
i=1H;

L= — A

1
I P
P
E , w;Clyy
=1

I
> ChiPy — W]
=1

Assuming an interior solution, the [ first-order conditions are

oc
OChit

AP, \ 7T
Chit = ( ) Ch
W

This yields the demand for the industry-level good. The Lagrangian multiplier A is the marginal

I 51
1 _
0=2 [Z wiCﬁit] wipChy' = APy = wu ({CY)) 7"l = APy
=1

value of relaxing the constraint, or the marginal value of wealth.

1 1
I P I 1 2
= |Swcn,| = [ Sw [ (2) e
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The price index is the price of the composite good C,;, which is equivalently the price of increasing

utility. This quantity is the inverse of the marginal value of wealth, so that

p—1
P

PtE

> =

u 1
1 _p_
_ 1-p pp—-1
= > _w PR
=1
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Notice that if all industry-level prices are the same, so that P; = Py, = P,, then:

p—1
LT B
P, = Zw;_p v
i=1
p—1
1 1 I3
_ L
i=1
Thus if we want to have the property that in this case P, = P, then we must have

p—1

N -
{Ele w;‘p} = 1. This does not hold for C};, but it does hold for the transformation C},

. . 1—
since in that case w; = p; * and then

p—1 p—1

I N p I 1-p p -
Zwilip = Z’uilfp =1 =1
i=1 i=1

Finally we can rewrite industry-level demand
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Step 2: Intermediate good demand

Following similar steps as above, the final demand function and price index are given by

1 T
P, = [ _P.’"—ld]}
' J; M 7t

And the CES demand function for intermediate goods in terms of the consumption good is

1 1
L (Pt (Py\r?!
o () () e

1 1,1 1
_ r—1 1-r " p—1 1-p
— P, P, P Cy

8.2 A-2: Budget Contraints

In each period, households purchase (1) consumption goods, and (2) invest in risk-free bonds. They

receive income from (1) wages, (2) a share of intermediate goods firm profits, and (3) investment

income from bonds purchased in the previous period.

Assume that all households are endowed with equal ownership shares in each of the intermediate

goods firms. Then each household’s share of the profits can be denoted ;.

Bonds are indexed by time period in which they mature so that B; refers to bonds purchased in

time ¢ — 1 that yield income in period ¢. The gross nominal rate of return on a bond purchased in

period ¢ — 1 is denoted R;. The bonds are riskless, so that 1, is known in period ¢ — 1.
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The nominal flow budget constraint is

/Pjtohjtdj+Bht+1 < /ghjﬂjtdj+/W/jtnhjtdj+RtBht
J J J

Plugging the CES demand functions derived above into the consumption spending portion of the

budgent constraint yiels

SN

1 1, 1 1 1 _r_
| BaBi T TR Chudi = PTG [ R
J J

1 U T 1
_ 1—p r—1 1—r
=P, " Ch E Py Py
=1

1 1

= PO S Py

=1
1 _p_
— Ptl_p Chtptp_l
= PtCht

Using this, the nominal flow budget constraint can be rewritten

P,Cp + Bpeyr < /ehjﬂ'jtdj + / Wiinnjedj + Ry By
7 7
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Appendix B: Optimal Behavior

8.3 B-1: Optimal Household Behavior

B-1.1: Sequential Problem

The representative household’s problem is

max = B> f [u@)— / v(nmdy}

{Ct}e>0{njt}jcst>0

subject to the nominal budget constraint

P,Cy + By < /

thdj + / thnjtdj + Ry By
J J

Define wealth at time ¢ as
At = /thdj + / VVjtnjtdj + RtBt
J J

Notice that given wealth and the household’s consumption choice, bond holdings are determined

by B, = A, — P,C,.

B-1.2: Bellman system

The solution to the sequential problem is equivalent to the solution to the following functional

equation

V(A) = max {u(C) — /Jv(nj)dj + SE [V(A’)]}

C?{nj}jEJ
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subject to

A:L@@+£W%@+HE

=£@@+LW%@+HM—PQ

First-order Conditions

0= 28 _ 0y + sV (-P)R
0= 2 _ ity 1+ vy R

Envelope Condition

V'(A) = BV (AR

Euler Equation

Combining the first-order condition for consumption and the envelope condition yields
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which can then be forwarded and plugged back into the first-order condition for consumption to

give the household’s Euler equation governing intertemporal consumption tradeoffs

, P,
u'(Cy) = BE; Rt+1p :

t+1

U/(Ctﬂ)

Static First-order Condition

Then from the first-order condition for labor we get

/ W; /
v'(nje) = ?Ztu (C)

8.4 B-2: Optimal Price Setting

B-2.1: Perfect Information

Firms face the problem

Wy
Il})?tX ul(Ct) (P]t - QD:t ) Y;’t

which can be rewritten using the CES demand function as

W, 11, 1 1
maXU,/(C’t) (P] — _jt> Pj’;*l P;—T—"_p—l Pt1_p Ot

Jt it
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Their first-order condition is:

1 1 1 W, 1 11 1
o=y | (o) - (g e e

- r—1 o
1 W 1
rP;T = —Lp
Wit
1W.
L
T it

This is the standard result that monopolists set price as a markup over marginal costs.

Proceed by substituting out wages using the household’s static first-order condition and using (1)
the goods market clearing condition, (2) the production function, and (3) the demand function for

the intermediate good

11 nt
Py,=-—|P
o [ tCt_U:|
1

1 Y \°
Lilr(2)]
T Qit Pit

1/ 1\ 1 1.1 1 \°©
H LA Calaaataio]
T\ Pit

Since productivity shocks are industry-level and they represent the only difference between firms,

we can now apply symmetry between all firms within a given industry to note that Pj; = F;.

IR T Sl I T
Pjt = — (_> [Pﬁ— Pt —p Y'ta 5:|
Pit

r
pis 1/ ”ayﬁs- P
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-1 1 1+¢ ] li_pis 1—pte
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(]
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1-p 1
l—pt+e = 1+4pe

Defining o = we arrive at the final perfect information pricing equation

1+
1<i) 6Yta+€
T \Pit

It will also be convenient to have this expression with variables in log-form, where lowercase

«

P = P,

J

variables denote logs of uppercase variables
o 1
pj = alog . a(l +¢e)pu + alo +e)y: + pi

To expose strategic complementarities define ( = a(o + ¢), and for notational convenience define

v = a(1 + ¢). Recall also that ¢, = p; + y;. Then the firms’ perfect information pricing rule is

1
P = alog — — it + Car + (1= Q)pt

To aid interpretation of the imperfect information pricing rule we express the pricing-rule in pro-

KX)o log (2()-(9) =X —T

portional deviation from common price form below by defining 7; =

_ 1 1 - _ _
p;t — Djt = (alog; — Yoir + Cqr + (1 — C)pt) - <a10g o Yoir +Cq + (1 — C)p>
which reduces to

P = =70 + (i + (1 — Oy

B-2.2: Imperfect Information

This section describes optimal firm behavior under imperfect information using results based on

log approximations; it is just a summary of the approximations derived in detail in Appendix C:
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Log Approximations.

The generic problem facing an intermediate goods firm is given above in (8.4). In equilibrium, the
objective can be written as a function only of prices, shocks, and aggregate output (this is because
wages can be substituted out as a function of these variables, using the households’ static first-order

condition)
Hjt(Pjt7 Pit7 Pt; }/;57 90t>
Given this, the firm’s problem can be expressed as

max [Ty,
it
We proceed by taking a log-quadratic approximation to 11;; around the perfect-information equi-
librium,

- _ 11, - 5 _ 5 o 5 _ 5 _ ~
Uy =IL Ppje + ﬁ]ﬂp?t + H12P2pthjtpit + H13P2pthjtpt + 14 PQpji e + s POiepje i i

+ other terms

where II; is the partial derivative of profit with respect to the first argument (/;;) and the II;.
coefficients are the partial derivatives of II;, all evaluated at the perfect-information equilibrium
values, and P is the perfect-information equilibrium price. The “other terms” are all other terms
in the second-order approximation that do not depend on pj;, which are irrelevent here since they

will not affect the firm’s pricing decision.

The problem faced by firm j can now be written

max [T
it

51



And the solution is characterized by the first-order condition

oIl _ o o o _ _ o
% =0 :Hlp + Hllpgpjt + H12P2Ejtpit + H13P2Ejtpt + H14PQEtht + HlBP@itEjtgbit
jt

which reduces to

Pl = —vEjibie + CEjnde + (1 — ) Ejpy

= Ejtﬁ;?t

Appendix C: Log Approximations

8.5 C-1: Log-linear approximation to the aggregate price index

For results that follow, we will require a log-linear approximation to the price index F;. Recall
from A-1: Constant Elasticity of Substitution Preferences that P, is derived as the (minimum) cost

of purchasing one unit of the consumption good and is defined to be

p—1
P

‘Pt:

I
pl
=
E lh‘Pit
i=1

We take the log-linear approximation around the where all prices are the same P, = P;, = P, = P.

(P—P)

Define p;, = 5

~ log (%) = p; — P so that j, is the aggregate price in proportional deviation-
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from-steady-state form.

= = = p—1 5 55 P
P+(1)(Pt_P):P+Z—Pt 1i Py

— (P, — P
-1 P p—1< )

I
P Dy = Z Mz‘lf’iﬁit
i=1

Thus the log-approximation aggregate price is described by

8.6 C-2: Log-quadratic approximation to an intermediate good firm’s

profit function

Recall from B-2: Optimal Price Setting that the problem faced by firm ;7 can be written
HIlDaX Hjt(Pjta Py, P, Yy, %‘t)

A second-order approximation to this objective function around the perfect information non-

stochastic equilibrium is given by

_ _ II
I+ (1)(IL;, — 1) =101 + 11, (P, 1

—p)+7(Pj — P)? + ya(Pj — P)(Py — P)

+ y3(Pjy — P)Ej (P, — P) + Iy (Py — P)E;y(Y, = Y) + ILi5( Py — P)

E;i(pir — ¢t)
+ other terms
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where P denotes the price at which P, = P, = P, = P and ); and ¢ denote the means of
the processes. I1; is the partial derivative of profit with respect to the first argument I1;, represent
second partial derivatives, all evaluated at the point at which all prices are the same. The term
“other terms” collects all terms that do not depend on p;, (irrelevent for our purposes since they do

not affect the firm’s pricing decision). The forms of these partial derivatives are derived below.

In log-deviation form the objective function is

.~ _ 11 =5 _ . _ 5 —_ B _ -
I(Djt, Dits P, G, Pie) =L Ppji + ﬁPQpit + o P?pjupi + Wis P*pj Eppy + M PY i By + s Poypj Ejud

+ other terms

C-2.2: Derivatives

Below we calculate the first and second partial derivatives used in the log-quadratic approximation,
above. The second partial derivatives are all first with respect to P;; and then second with respect to
the given variable. Evaluation of derivatives will be around the perfect information non-stochastic
equilibrium (see E-1: Perfect Information) in which all prices are the same (we will use that the
means of the shocks have been defined to be identical, see Stochastic processes, to guarantee the

last condition).

Before calculating the derivatives, simplify the objective function by applying market clearing and
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household optimization so that it can be written
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Since factor markets are perfectly competitive, so that firms are wage-takers, the wage cannot yet

be substituted out.

First derivative, with respect to P;;
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After taking the derivative, wages can be substituted out using the firm’s static first-order condition
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This finally yields the first derivative of the log-quadratic approximation to the profit function with

respect to price
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Evaluation at the point where all prices are the same implies P;; = P;; = P, = P. At this point we

also have ¢;; = ¢, fori = 1,..., I. Then the exponent on the price on the left hand side is
1L _r=p 1 _p=D+E-p-0-1
r=1 (p-10r-1) p-1 (p—1(r—1)
=0

and the exponent on price on the right hand side is:
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1+¢
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+1=(1+¢ =D -1
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e e [
v 5 r—1 r—1 Py

_
Recall that Y = V" = re <é> * when shocks have a common mean (see E-1: Perfect Informa-

tion). Then
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0

where the last equality can be found by noting that the right-hand side exponent on 1/¢ is the same
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as the left-hand side exponent:
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Second derivative, with respect to P;;
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Notice that since 7 € [0, 1), then this term is strictly negative.

Second derivative, with respect to P;;

82Hjt 0 r 4 _rp 1 1 r—p 1 1 P
= FE; pr-t P.<p71>("'*1)P1—p Ylfa o Pr- 1 P‘<P*1)(T*1)P1—P Y1+s J
OP3OP; 0Py '\r—1) 79t Lo r—1)0 Tt IR

-5 (755) (e ) e - () (e ) o

By

o ] (5 () () () o
= :)zrp_ g [r ~(1+9)om ya%]
— T (1)
G- T

58



Second derivative, with respect to P,
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8.7 C-3: Log-linear approximation to an intermediate good firm’s

pricing decision

Taking first-order conditions with respect to the firm’s objective function (8.6) yields
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Notice that P;; = P}, since all firms within an industry face the same problem, and also that:
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1 .
+ (=)o 17T1 ¢ Dt

1 N
—f-(—]_)r [€+O'] Ejtyt

-1
1+e¢ ~
+ <7"— 1) Edi

—1~
=& Dt

+ (—].)Oé_lEjtﬁt
+ (=1)(e + o) Ejuth

+(1+ 5>Ejt§5it
and finally this reduces to the firms’ imperfect-information pricing rule

ﬁ;t = _’YEjt$it + CEjuye + Ejupe
= _/ijtQ;it + CEjqe + (1 — Q) Ejupy

B P
= LjtPj¢
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8.8 C-4: Log-quadatic approximation to profit loss due to imperfect

information

We cconsider the loss in profit from a firm setting a non-profit-maximizing price p}, = Ej;;p5,. The

log-quadratic approximation to the profit function is

- _ 11 =5 o o R _ R _ -
WDy, Pit> Pt U, Pie) =1L Ppjs + ﬁfﬂpit + W2 P*pypi + Wis P*pju Ejupy + IaPY p Bty + s PGipj Ejed

+ other terms

and recall that the “other terms” do not depend on the firm’s price decision. The loss in profits is

then

ﬂ(ﬁ;tv ) - ﬁ(ﬁjm ) :Hlp(ﬁ;t - ﬁ;kt)
Hll — ~o2 ~ 52
* (7) P (75 - )
+ (2 PPy + s PPy + 1y PY'Y, + H15P@t¢3it>(ﬁ§t — Djt)
Note first that [I; = 0, and second, from the first-order condition above in the perfect-information

case, that IT;s P2p;, + 13 P2p, + W PYY, + 1115 P35y, = —I1;, P2j%,. Then we can rewrite the

loss in profits as

~ o ~RPn — Hll ~<>2 ~*2 — ~ ~& ~%
H(pjt7 )= H(pjt7 )= P* <_) <pjt - pjt) - P2H11p§t(pjt o pjt)

— o2 2 _ o
= —P? (—) <p§t +Pjt> + P11 55,55,

Finally recall, from above, that I1;; < 0 so that the above is positive overall, indicating setting pj,

yields less profits than setting p},. The expected loss in profits due to imperfect information can be
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written
- ~ A N e\ 2
Ej [H(Pju ) — W(pj,, ')} = —1lu (55 — Bj)

where I1;, = (%1&) < 0.

Appendix D: Information Theory

This appendix collects information theoretic results.

8.9 D1: Mutual Information of Random Vectors

In the case that the variables are independent so that is no reduction in uncertainty, then /(X; S) =
H(X) — H(X) = 0. Supposing that X and S are finite n-dimensional independent vectors such

that X; and S; are independent if ¢ # j, then

](Xas):H(Xh aXn)_H(Xla 7Xn|Sla"' 7Sn)

=Y H(X)+ Y H(X;)—H(Xy,-+ X, S, Sh)
=1 1=1

- ZH(XZ-)nLZH(XZ-) _ZH(Xi’Si)

= Xn: I<Xi§ Si)
i=1

where the third equality follows from an iterative application of the chain rule.
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8.10 D2: Gaussian Mutual Information

Suppose, as we do above, that we have two mutually Gaussian random variables, w and s“ such

that
s@=w+

where 1) is Gaussian white noise. A well-known result (see for example Cover and Thomas, 2006)

for Gaussian random processes is that mutual information can be simply expressed.

a1 1
o) = 3o (755

where pisw is the correlation coefficent between the two processes. Now, notice that the correla-

tion coefficient can be rewritten in terms of the processes variances

5 [C’ov(w,s(“))r{ o2 r o2

Pustw) = 2
ws O-wo-s(“-’) O-wo-s(“-’) O-S(u.))
o
02402
w (
and 1— pis(w) = afﬁ Then the mutual information can be rewritten also in terms of the processes
LTIy

variances

8.11 D3: Expressions for Mutual Information

Define the mutual information as Kig-w) = T(w, sﬁ.w)). Assume the processes are defined as above.
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1. Using this, we can find an expression for the ratio of the variances in terms as a function of

a level of mutual information:

(w)
22’%’ _

@qw | Eqw

2. Immediately we also have an expression for the variance of the signal in terms of a level of

mutual information and the variance of the fundamental

2 24 -1,
o= (2" —1 o,

3. The ratio of the variance of the fundamental to the variance of the signal, a key term in

typical signal extraction results, can be derived from (2)

(@)

208 2 2 2
27 oy =o0,+0,

2

f2n§w) _ a’/’
2 2
og + oy,

2

1 2—2/@5.“) — Oy
o2 + o2
w Y

4. Finally, from (1) - (3) follows a result that will useful in expanding the expected loss of

profits from setting a price with imperfect information
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2252(») w
(w)
2K
o @\ 2 277 —1
(1 2725 ) O'i = o?
(w) w
2451-

Appendix E: Equilibrium

8.12 E-1: Perfect Information

In the perfect information case, firms set prices according to (see B-2: Optimal Price Setting):

1
Pj = Ozlog; — Yot + Cqr + (1 — C)py

Applying symmetry across firms within each industry, integrating across all firms, and using the
log-linear approximation to the aggregate price index around the point where all prices are the

same (see C-1: Log-linear approximation to the aggregate price index) yields

. 1. . . .
/pjtd] = /alog —dj _/'YQSz‘td] +/Cytd1 +/ptd]
J J r J J J

I I
1

E tupy = olog ! E @ + CYr + Dy

=1 =1

I

1
P = alog; _V;Mlﬁblt‘f'gyt +
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The perfect information equilibrium level of (real) output is then

If nominal output is assumed to be an exogenous process (); = P,Y; then the perfect information

equilibrium aggregate price level is

Pi = —Y;
I
o 1
:%—l-—log——z i Pu
¢ Tro g

In deviation from steady-state form, these are written

I
72 b

N |

I
- - Y ~
Py =G — 5 § Ladu
=1

And plugging this into the firms’ pricing decision yields

B = =i + Ca + (1 — Q)py
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Non-stochastic equilibrium

In the non-stochastic case where shocks are set to their means, we have

I
Py —qt—l——log; - %Z [
Plug in the aggregate price level to the firm’s pricing rule

I
Y
Qt—l-—log;—zz l¢lt

1 - _
Pi = alog — =76 + (G + (1 = )

I
<1 N TC) alog% Bt (CH 1= OF+ (1 —c)%Zm‘m
=1

_Qt‘f‘zlog—— (1-¢ ZMZ%: Vit

which yields the non-stochastic equilibrium price rule

I
Pl =pp 7 | D mbu — %]

=1

To confirm that this is an equilibrium, integrate this pricing rule over all firms and use the log-linear

approximation to the aggregate price index.

Notice that if all shocks are eliminated so that ¢;; = 0 for¢ = 1,..., I or if the shock is purely

aggregate so that ¢;; = ¢, fori, i’ = 1, ..., I then the perfect information equilibrium corresponds
to point where all prices are the same and are equal to the aggregate price index (this last point is

by construction, see A-2: Budget Contraints).
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8.13 E-2: Rational Inattention under Gaussian White Noise

Here we follow a guess and verify approach. Given the form of the perfect information equilibrium,

we guess that the equilibrium aggregate price level is given by

15: = aq; —

I ~
Z by i
=1

o~

where a and {b;}/_, are coefficients governing the extent of adjustment of the price level due to

shocks.

E-2.1: Imperfect Information Pricing Rule

With this guess, firms’ imperfect-information optimal price rule is
ﬁ;t = Ejtﬁjt
= —VEjdi + (Engi + (1 — Q) Eupy
I
Ejpi + CEjqr + (1 = () |aEjqr — % Z b Ejeu

I
=[(1—=¢a+ ] Ejuq — Z bzul¢lt —-E 'tqgit

m|\e

To ease notation in the following optimization problem in which the constant term simply be
carried around, define @ = [(1 — ()a + {Jand b, = (1 — ¢ ) ¢bu; they will be unpacked again at the

end to aid interpretation. Then the optimal price rule is

I
Py = aEjq — Z by — YEjidi
I=1
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E-2.2: Price-Setting Mean Squared Error

Given the signals the firm receives, we can solve the expectations using typical signal extraction

results
o, 0 o7 (i
5 —a b ot st — (bigti + ’L Z
Pt o2 + o2 Z L ol +o2, | 7 (bipti + ) o +0%, Jt
¥; v ¥y

Using results from D3: Expressions for Mutual Information, we can rewrite this in terms of mutual

information as

Pjr =a (1 — 27 2”@)) (dt - ¢§Z)>
> b (1 = 2—2“5'”) (&u - wj(-?)

I#i
e (1-2) (i)

The expected loss in profits from setting an imperfect-information price is

Hll

Eje [ﬂjt (25}3’ ) - ﬁjt (ﬁ;t, )] - (7) Lji [(ﬁjt _ﬁ;tﬂ
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which is a constant times the mean squared error of the imperfect-information price. The differ-

ence between the perfect- and imperfect-information prices is

s i (-2) o)
= b [ = (1=277) (b + 0|
14
e i (1-77) )]
=a 27— (1- 27" ) gt

_Zblﬂl[ R;l)élt_<1_2 2% >¢ ]

— (bipti +) [Q_Qngﬁgit - (1 - 2_252'”) 1/’]('?}

then noting that independence implies that all cross terms have expected value zero, the mean

squared error can be expressed

~O ~% 2 45( q) 2 _25(_‘1) 2 2
Ej [(pjt_pjt) } 27 o+ (1_2 ! ) T @
J
+Zb2 2 |g—ar 2 +(1_2 25“)) o2
¢ %(-l)

_ ) 0\ 2
+ (b + 7)2 [24";‘ aéi + (1 — 2*2"/”;' ) Ufp(z‘)]
j

then using result (4) from D3: Expressions for Mutual Information, it can be finally written

()
By | (55— 53)°| = a2 02+Zb 227262 4 (Bipss + )27 02
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E-2.3: The Attention Problem

The firm’s attention problem can now be fully specified

aoy w=yq

. _(@)\? 6o () —(w —
min Z(KE )> 9—2#; : /gg.): by, w=l4i
{Nj }wGQ weN

(bipti + 7)oy, w=i

\

such that ZwEQ Iigw) < k and m§w) > 0. This is a constrained optimization problem and can be
represented as a Lagrangian (where the constraint is assumed to be binding, since in any optimum

firms will use all available attention)

L= Z </<§w)>2 2’2”5‘@ - [Z /{§w) — Ii]

wef) weN

Assuming an interior solution, the || first-order conditions for an optimum are

oo () o
Rj
(R@)Q (—21n2)
25(_“’) J
J =
A
w 1 —2In2 1 (@) 2
= gtoms () o ()]
@) @)
Define &, = %log2 {(R‘j ) } to ease notation and use the first condition to substitute out the

Lagrange multiplier

1 —2In2 w (w1
—10g2( - ):5(.1)_,@(.)
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Then use this in the remaining |{2| — 1 conditions to get:

/{§wk) _ /{g‘wl) _ /%g'wl) + Agwk)
(w1) (wr) _ _ palw1) | oa(wr) _
=k R = =R R k=2,...,Q
Including the constraint ) Kujw) = k there are |Q)| equations and |{2| unknowns. This can be

written in the following linear system:

-1 1 0 --- ol - - _ -
N B GRS
Lo 0 (w2) @) | plws)
w9y A (w1 ~ (w3
K; —h; +/<a]
-1 1
0 0 H§w|sz\—1) _I%‘gw1) 4 ’%§w|s2\)
—1 01
(W)
K K
1 1 -~ 1 1 1| ~ - - -

This can be solved using the following steps:

—_—

. Multiply row 1 by —1

2. For rows 2 through |2|, iteratively add the previous row and multiply by —1

3. Forrows l =1,...,|Q] — 1, substract [ times the ["" for from row |{|.
4. Divide row || by |Q]

5. Forrows [ = |[Q —1,...,1, add the [ + 1™ row

6. Simplify

This process yields optimal interior allocations that can be expressed as

K=l m = D0 A+ (0] - DAY e
w'F#w
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‘We can abuse notation to take into account the corner conditions

(
K I£§~w)* > K
T = L@ @ g g
J j j )
0 &7 <0

The allocations can be rewritten

o =0 o= T s

w'eN

= Q™ %bg2 2 =) %logQ [(@“’”)2] n |Q|%10g2 {(@@)2]]

w'eN

1

defining & = & and k; = [Hw, co Rg.w/)] ™', we have the final expression for the optimal allocation

of attention
/{gw)* = log, 2" + log, ng) —log, K; w e

Note that it is straightforward that

T 1y ()
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E-2.4: Verifying the Guess

Returning to the optimal imperfect-information pricing rule

o —2klD7Y ([~
Py =a (1 — 272 > (Qt — 77/)](?)>

=S (1= 22) (- )

I#£i
= G +) (1=277) (G = 0f))

Integrating over all firms, applying symmetry to within-industry firms’ optimal attention alloca-

tions, and applying the log-linear approximation to the aggregate price yields

pi=[a(1-2") ad
J
-/ [Z b (1 272) &lt] dj
Il
_ EPMOLE WE T
_/(biﬂi+’7> (1—2 2 >¢¢th
J

notice that the noise variables are mean zero and firm-specific so that the integral with respect to a

continuum of firms is equal to zero. Uhlig (1996)
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Then we have

pi = [21: ia (1 - 2—2“5‘”*)] - [Z b (1 - 27247 élt]
i=1

i=1 I#£i

I
— (i)* ~
- Z pi(bipei + ) (1 — 272 ) it
=1

P pur

_ [é i (1= O)a + (] (1 9-2n(" )] G — %; [(1 - C)blguz (1 — g >] 1
Tl

_ [Zj; 1 [(1 = C)a + (1 - 2—2“5‘1)*)] Gi — %; lzj; wy (1 _ 972, )>] e

where w; = (1 — ()b + (1(l = i) and 1(I = i) is the indicator function that takes the value 1 if

[ =7 and is O otherwise. This verifies the guess with

= Z pil(1=Qa+ ] (1~ 22”5”*)]

b= | 3210~ b+ €11 = )] (1 - 2‘2“?)*)]

L i=1

these can be rewritten to emphasize the effect of the parameter of strategic complementarities

I I
(@) (@)
a:(l—C)CLE i (1—2_2'{’;] >+C§ 7 <1—2_2qu >
i=1 =1

b= (1— O iﬂi (1 B 272;#)*) 4 (1 — 2*2;{}1)*)
i=1
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Appendix F: Notation

8.14 F-1: Parameters

Indices

h € H index for households

* 1y measure for households with py (H) =1

J € J index for firms
* 117 measure for households with y;(J) = 1

* 1; = uy(J;) convenience notation

i€ {1,...,I} index for sectors

{J1, ..., J;} partition on firms induced by sectors

Households

o: coefficient of relative risk aversion; inverse of the elasticity of intertemporal substitution

parameter

* ¢: inverse of Frisch elasticity of labor supply “measures the substitution effect of a change

in the wage rate on labor supply.” Comes from the derived Household optimization equation

1 o

wy = ¢yns, so that ny = wy ¢f .

r € [0,1): within-industry generalized mean exponent

p € [0, 1): between-industry generalized mean exponent

*n= ﬁ € [1, 00): within-industry elasticity of substitution; measure of market power
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*p= l%p € [1,00): between-industry elasticity of substitution; measure of trade linkages

Equilibrium

1
1+pe

ca= parameterizes strategic complementarities specifically arising from heterogeneous

information, see Angeletos and La’O (2010).
e v=a(l+e)

* ( = oo +e¢) is the typical New Keynesian parameter governing strategic complementarities
generally (see Morris and Shin, 2002, Woodford (2003) chapter 3, and Mankiw and Reis

(2010)) and also related to the degree of “real rigidities” (see Ball and Romer, 1990).

8.15 F-2: Stochastic Processes

¢« Q = {{a}, {o1}, - ,{én}} is an ordered tuple gathering all stochastic processes and

indexed by w.

lth

* wy is the [™ item in €2; for example w; = q.

Fundamentals

° q YN (0,07): nominal aggregate demand

* Dt YN (0,03,) idiosyncratic productivity shocks

Signals

(

. sjg) = q;+¢j(.§) is the signal to firm j related to aggregate conditions. 55-3) ~ N(G, 0l +0%,)

. sglt) = &t + w](-? is the signal to firm j related to the productivity shock to industry . sg-lt) ~

N (¢u, 0'3,1 + Uz(_z))
J
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8.16 F-3: Information

* x represents the Shannon capacity of a channel, measured in bits. This term is also used for

the specific parameter describing total capacity available to agents.

. /{g“’) = 7T (w, s§w)) represents the information capacity allocated by firm j to stochastic pro-

CESS w

. ng-w)* represents the optimal allocated capacity by firm j

*
. ng) represents the optimal capacity by any firm in sector 7 allocated to stochastic process

w; requires appealing to symmetry
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